
 

 

 

The problems in this booklet are organized into strands. A 
problem often appears in multiple strands. The problems are 
suitable for most students in Grade 9 or higher. 
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Problem of the Week

Problem D

Step Right Up

In a certain carnival game nine numbered paint cans are stacked as shown:

The rules of the game are as follows:

1. Each player gets exactly three turns, one throw per turn.

2. On each throw you are allowed to knock down exactly one can. If your
throw hits any can but the top can you will knock down more than one
can and lose. If you completely miss the cans on a turn it is not possible
to score enough points to win and therefore you lose.

3. Your score on the first throw is the number on the can that you knocked
down. Your score on the second throw is two times the number on the can
that you knocked down. Your score on the final throw is three times the
number on the can that you knocked down.

4. You are a winner if the sum of your scores from your three turns is exactly
50 points. If the sum is under 50 points, you lose. If the sum is over 50
points, you lose.

Describe precisely the different ways you can win the game. Good luck -
everyone’s a winner!
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Problem of the Week

Problem D and Solution

Step Right Up

Problem
In a certain carnival game nine numbered paint cans are stacked as shown.
The rules of the game are as follows:

1. Each player gets exactly three turns, one throw per turn.
2. On each throw you are allowed to knock down exactly one can. If

your throw hits any can but the top can you will knock down more
than one can and lose. If you completely miss the cans on a turn it is
not possible to score enough points to win and therefore you lose.

3. Your score on the first throw is the number on the can that you
knocked down. Your score on the second throw is two times the
number on the can that you knocked down. Your score on the fi-
nal throw is three times the number on the can that you knocked down.

4. You are a winner if the sum of your scores from your three turns is
exactly 50 points. If the sum is under 50 points, you lose. If the sum
is over 50 points, you lose.

Describe precisely the different ways you can win the game. Good luck -
everyone’s a winner!
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Solution

On your first throw, you knock down either an 8, 10 or 7. If you get an 8,
you can get a 10, 10 or 7 on your second throw. If you get an 8 on your first
throw, and a 10 on your second throw, you can get either a 7 or 10 on your
third throw. The flow diagram to the right illustrates all of the possibilities
for your three throws.

Once you have your possible outcomes, you can compute a score by adding
the value of your first throw to twice the value of your second throw and
three times the value of your third throw. For example, if your three throws
are 8, 7 and 9, your score is calculated 8 + 2(7) + 3(9) = 8 + 14 + 27 = 49.
You would lose with this score. All possible scores are calculated in the last
column of the flow diagram.

It turns out that there is only one possible combination of throws which
produces a winning score. You can win if your first throw hits the 7 on the
top of the third column of cans followed by a second throw hitting the 8
on the first column of cans and finally a third throw hitting the 9 on the
third column of cans. Your winning score is calculated 7 + 2(8) + 3(9) =
7 + 16 + 27 = 50.

The claim that “everyone’s a winner” does not really apply to this carnival
game.
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Problem of the Week

Problem D

An Average Day For Bea

Bea Student has six marks on her report card. The average of her first and
second marks is 71%. The average of her second and third marks is 75%. The
average of her third and fourth marks is 66%. The average of her fourth and
fifth marks is 68%. The average of her fifth and sixth marks is 82%.

(a) Determine Bea’s overall average.

(b) Determine the average of Bea’s first and sixth marks.
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Problem of the Week

Problem D and Solution

An Average Day For Bea

Problem

Bea Student has six marks on her report card. The average of her first and second marks is
71%. The average of her second and third marks is 75%. The average of her third and fourth
marks is 66%. The average of her fourth and fifth marks is 68%. The average of her fifth and
sixth marks is 82%.
Determine (a) Bea’s overall average, and (b) the average of Bea’s first and sixth marks.

Solution

Let a, b, c, d, e, f represent Bea’s six report cards marks.
The average of her first and second marks is 71, so a+b

2
= 71. Multiplying by 2, a+ b = 142. (1)

The average of her second and third marks is 75, so b+c
2

= 75, leading to b + c = 150. (2)
The average of her third and fourth marks is 66, so c+d

2
= 66, leading to c + d = 132. (3)

The average of her fourth and fifth marks is 68, so d+e
2

= 68, leading to d + e = 136. (4)

The average of her fifth and sixth marks is 82, so e+f
2

= 82, leading to e + f = 164. (5)

(a) To find Bea’s overall average we must find the sum a + b + c + d + e + f and divide by 6.
If we add equations (1), (3) and (5) we obtain the required sum.

(a + b) + (c + d) + (e + f) = 142 + 132 + 164

a + b + c + d + e + f = 438
a + b + c + d + e + f

6
= 73

∴ Bea’s overall average is 73.

(b) To find the average of Bea’s first and sixth marks, we must find the sum a + f and divide
by 6. We will add equations (1), (2), (3), (4) and (5).

(a + b) + (b + c) + (c + d) + (d + e) + (e + f) = 142 + 150 + 132 + 136 + 164

a + 2b + 2c + 2d + 2e + f = 724

a + 2(b + c) + 2(d + e) + f = 724

a + 2(150) + 2(136) + f = 724, substituting from (2) and (4)

a + 300 + 272 + f = 724

a + f = 152
a + f

2
= 76

∴ the average of Bea’s first and sixth marks is 76%.
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Problem of the Week

Problem D

That Is Sum Probability

For any three digit integer greater than or equal to 100, the sum of the digits is
calculated.

Determine the probability that the sum of the digits is 10. (You won’t want to
list all of the possibilities!)

109

110

999
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Problem of the Week

Problem D and Solution

That Is Sum Probability

Problem

For any three digit integer greater than or equal to 100, the sum of the digits is calculated.
Determine the probability that the sum of the digits is 10.

Solution

First we should determine the number of three digit integers greater than or equal to 100. The
number 999 is the largest three digit number so from 1 to 999 there are 999 numbers. This
includes 99 numbers from 1 to 99 that must be excluded. So there are 999− 99 = 900 three
digit numbers.

We now must determine how many of these numbers have a digit sum of 10.

If the hundred’s digit is 1, the remaining digits must sum to 9. It is then easy to list the
possibilities, {109, 118, 127, 136, 145, 154, 163, 172, 181, 190}, 10 numbers in total.

If the hundred’s digit is 2, the remaining digits must sum to 8. It is then easy to list the
possibilities, {208, 217, 226, 235, 244, 253, 262, 271, 280}, 9 numbers in total.

We can proceed in this manner and show that there are 8 numbers with a hundred’s digit of 3,
7 numbers with a hundred’s digit of 4, 6 numbers with a hundred’s digit of 5, 5 numbers with a
hundred’s digit of 6, 4 numbers with a hundred’s digit of 7, 3 numbers with a hundred’s digit
of 8, and 2 numbers with a hundred’s digit of 9.

There are a total of 10 + 9 + 8 + · · ·+ 4 + 3 + 2 = 54 three digit numbers with a digit sum of 10.
(We can calculate the sum mentally or using a calculator. Or we could use the result that the

sum of the natural numbers from 1 to n can be calculated using the formula
(n)(n + 1)

2
. We

could find the sum of the natural numbers from 1 to 10 and subtract 1 from the result since the

number 1 is missing from the above sum. So the sum is
(10)(11)

2
− 1 =

110

2
− 1 = 55− 1 = 54.)

The probability of a digit sum of 10 is
number of numbers with digit sum 10

number of three digit numbers
=

54

900
=

3

50
.

∴ the probability that 10 is the sum of the digits of a three digit number is
3

50
.
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Problem of the Week

Problem D

An Unshady Area

A

CB

4ABC is inscribed in a circle with vertices B and C located at the endpoints
of a diameter and the third vertex, A, on the circumference of the circle so that
AB = 16 cm, AC = 12 cm, and BC = 20 cm.

Determine the area of the unshaded region of the circle. Express the area as an
exact answer involving π. Then state the area correct to the nearest
hundredth cm2.
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Problem of the Week

Problem D and Solution

An Unshady Area

Problem

4ABC is inscribed in a circle with vertices B and C located
at the endpoints of a diameter and the third vertex, A,
on the circumference of the circle so that AB = 16 cm,
AC = 12 cm, and BC = 20 cm.

Determine the area of the unshaded region of the circle.
Express the area as an exact answer involving π. Then
state the area correct to the nearest hundredth cm2.

A

CB

Solution

In 4ABC, AB2 + AC2 = 162 + 122 = 256 + 144 = 400 = 202 = BC2.
Therefore, by the Pythagorean Theorem, 4ABC is right-angled and ∠A = 90◦.

We can use AB as the base and AC as the height to determine the area of
4ABC.

area 4ABC = (AB)(AC)÷ 2 = (16)(12)÷ 2 = 96 cm2

In the circle, BC is a diameter and BC = 20. Therefore, the radius of the
circle is 10 cm.

We can now determine the area of the circle.

area of circle = πr2 = π(10)2 = 100π

The unshaded area is calculated by subtracting the area of the triangle from
the area of the circle.

Unshaded area = (100π − 96) cm2 .
= 218.16 cm2

∴The unshaded area is (100π - 96) cm2 or approximately 218.16 cm2.
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Problem of the Week

Problem D

A Matter of Degrees

A

X

B Y C

D

In right 4ABC, X is on AB, Y is on BC and D is on AC such that
AX = AD and CY = CD.

Determine the measure of ∠XDY .
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Problem of the Week

Problem D and Solution

A Matter of Degrees

Problem

In right 4ABC, X is on AB, Y is on BC and D is on
AC such that AX = AD and CY = CD. Determine
the measure of ∠XDY .

A

X

B Y C

D

Solution

Let ∠CDY = x. Since CD = CY , 4CDY is isosceles and
∠CYD = ∠CDY = x.

In a triangle, the angles sum to 180◦.

In 4CDY,∠C + ∠CDY + ∠CYD = 180◦

∠C + x+ x = 180◦

∠C = 180◦ − 2x

In 4ABC,∠A+ ∠B + ∠C = 180◦

∠A+ 90◦ + 180◦ − 2x = 180◦

∠A = 2x− 90◦

Let ∠ADX = y. Since AD = AX, 4ADX is isosceles and
∠AXD = ∠ADX = y.

In 4ADX,∠ADX + ∠AXD + ∠A = 180◦

y + y + 2x− 90◦ = 180◦

2y = 270◦ − 2x

y = 135◦ − x

ADC forms a straight line so ∠ADC = 180◦.

So, ∠ADX + ∠XDY + ∠CDY = 180◦

y + ∠XDY + x = 180◦

135◦ − x+ ∠XDY + x = 180◦

∠XDY = 180◦ − 135◦

Therefore ∠XDY = 45◦.
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Problem of the Week

Problem D

It’s a Trap!

A four-sided figure with one pair of parallel sides is referred to as a trapezoid.

A

B C

D

Trapezoid ABCD has three equal sides AB = AD = DC. The base BC is
2 cm less than the sum of the lengths of the the other three sides. The distance
between the parallel sides is 5 cm.

Determine the area of trapezoid ABCD.
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Problem of the Week

Problem D and Solution

It’s a Trap!

Problem

A four-sided figure with one pair of parallel sides is referred to as a trapezoid. Trapezoid
ABCD has three equal sides AB = AD = DC. The base BC is 2 cm less than the sum of the
lengths of the other three sides. The distance between the parallel sides is 5 cm. Determine the
area of trapezoid ABCD.

Solution

Let x represent the length of AB. Then AB = AD = DC = x. Since the base BC is two less
than the sum of the three equal sides, BC = 3x− 2.

Construct altitudes from A and D meeting BC at E and F , respectively. Then AE = DF = 5,
the distance between the two parallel sides.

Let y represent the length of BE. We can show that BE = FC using the Pythagorean
Theorem as follows: BE2 = AB2 − AE2 = x2 − 52 = x2 − 25 and
FC2 = DC2 −DF 2 = x2 − 52 = x2 − 25. Then FC2 = BE2 = x2 − 25 and FC = BE = y.

Since ∠AEF = ∠DFE = 90◦ and AD is parallel to EF , it follows that
∠DAE = ∠ADF = 90◦ and AEFD is a rectangle so EF = AD = x. The following diagram
contains all of the given and found information.

A

B C

D

E F

x

x

x5 cm5 cm

3x - 2

y yx

We can now determine a relationship between x and y.

BC = BE + EF + FC
3x− 2 = y + x + y
3x− 2 = 2y + x
2x− 2 = 2y
x− 1 = y

In right 4ABE, AB2 = AE2 + BE2 or x2 = y2 + 52 or x2 = (x− 1)2 + 25 or
x2 = x2 − 2x + 1 + 25 or 2x = 26 or x = 13. Since x = 13, 3x− 2 = 3(13)− 2 = 37. Then
AD = x = 13 and BC = 3x− 2 = 37.

∴ The area of trapezoid ABCD = AE × (AD + BC)÷ 2 = 5× (13 + 37)÷ 2 = 125 cm2.
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Problem of the Week

Problem D

The Storms Are Coming

Gail and Dusty Storm went cycling on their own from the same place at
1:15 p.m. Gail Storm travelled north at 24 km/h while Dusty Storm travelled
east at 32 km/h.

Determine the time when Gail and Dusty will be 130 km apart and how far
each of them will have travelled.
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Problem of the Week

Problem D and Solution

The Storms Are Coming

Problem

Gail and Dusty Storm went cycling on their own from the same place at
1:15 p.m. Gail Storm travelled north at 24 km/h while Dusty Storm travelled
east at 32 km/h. Determine the time when Gail and Dusty will be 130 km
apart and how far each of them will have travelled.

Solution

Let t be the length of time, in hours, that Gail and Dusty travel until they are
130 km apart. Since Gail is travelling at 24 km/h, she will travel 24t km in t

hours. Since Dusty is travelling at 32 km/h, he will travel 32t km in t hours.

Since Gail is travelling north and Dusty is travelling east, they are travelling at
right angles to each other. We can represent the distances on the following
right triangle.

24t  km

32t  km

130  km

Using the Pythagorean Theorem

(24t)2 + (32t)2 = 1302

576t2 + 1024t2 = 16900

1600t2 = 16900

16t2 = 169

t2 =
169

16

Since t > 0, t = 13
4 = 3.25 = 3 hours and 15 minutes.

Then 24t = 24× 13
4 = 78 and 32t = 32× 13

4 = 104. Also, 3 h 15 min after 1:15
p.m. is 4:30 p.m.

Therefore at 4:30 p.m. Gail and Dusty are 130 km apart. Gail travelled 78 km
and Dusty travelled 104 km.
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Problem of the Week

Problem D

Tilted Tank

A

B

C

D

30 cm

15 cm
20 cm

An aquarium is 20 cm wide, 30 cm long, and 15 cm high. The aquarium is
tilted along AB until the water completely covers the end ABCD. At this
point, it also covers 4

5 of the base.

Determine the depth of the water, in centimetres, when the aquarium is level.
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Problem of the Week

Problem D and Solution

Tilted Tank

Problem

An aquarium is 20 cm wide, 30 cm long, and 15
cm high. The aquarium is tilted along AB until
the water completely covers the end ABCD. At
this point, it also covers 4

5 of the base. Determine
the depth of the water, in centimetres, when the
aquarium is level. A

B

C

D

30 cm

15 cm
20 cm

E P

Solution

Let E be the unnamed corner point on the bottom front of the aquarium such
that EA = 30 cm. Let P be a point on AE such that
AP = 4

5(AE) = 4
5(30) = 24 cm.

When the tank is tilted so that the water completely covers end ABCD, a
triangular prism with base ADP and height 20 cm is created. Note that
4ADP is right angled so when finding the area of 4ADP we can use AP as
the base and AD as the height.

Volume of trianguar prism = Area of base 4APD × height

=
1

2
(AP )(AD)× (AB)

=
1

2
(24)(15)× (20)

= 3600 cm3

Let h represent the height of the water when the tank is sitting level. The
volume of the rectangular prism h cm high by 30 cm long by 20 cm wide is the
same as the volume of the triangular prism formed when the tank is tilted.
∴ 30× 20× h = 3600 and h = 6 cm follows.

Therefore the water is 6 cm deep when the aquarium is sitting level.
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Problem of the Week

Problem D

Isosceles Triangles Rule

P

Q

R

S

T

X

Y

In the diagram, ∠XPY = 15◦. Points Q,R, S, T, . . . alternate from one arm of
the angle to the other, each point located farther away from P than the point
before. If PQ = QR = RS = . . ., what is the maximum number of isosceles
triangles with equal sides of length PQ that can be formed?
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Problem of the Week

Problem D and Solution

Isosceles Triangles Rule
Problem

In the diagram, ∠XPY = 15◦. Points Q,R, S, T, . . . alternate from one arm of the angle to the
other, each point located farther away from P than the point before. If PQ = QR = RS = . . .,
what is the maximum number of isosceles triangles with equal sides of length PQ that can be
formed?

P

Q

R

S

T

X

Y

U

V

W

etc.

Solution

Throughout this solution there will be references to the exterior angle theorem. The theorem
states: “An exterior angle of a triangle is equal to the sum of the opposite interior angles inside
the triangle.” For example, ∠SQR is exterior to 4QPR and ∠SQR = ∠QPR + ∠PRQ.

Extend the diagram so a few more triangles are created such that
PQ = QR = RS = ST = TU = UV = . . .. In the solution we will show that the maximum
number of isosceles triangles that can be created is 5.

In 4QPR, ∠QPR = 15◦ and PQ = QR. Therefore 4QPR is isosceles and
∠QRP = ∠QPR = 15◦. ∠SQR is exterior to 4QPR so, by the exterior angle theorem for
triangles, ∠SQR = ∠QPR + ∠QRP = 15◦ + 15◦ = 30◦.

In 4RQS, ∠SQR = 30◦ and QR = RS. Therefore 4RQS is isosceles and
∠RSQ = ∠SQR = 30◦. ∠SRT is exterior to 4PRS so, by the exterior angle theorem for
triangles, ∠SRT = ∠SPR + ∠PSR = 15◦ + 30◦ = 45◦.

In 4SRT , ∠SRT = 45◦ and SR = ST . Therefore 4SRT is isosceles and
∠STR = ∠SRT = 45◦. ∠UST is exterior to 4PST so, by the exterior angle theorem for
triangles, ∠UST = ∠SPT + ∠STP = 15◦ + 45◦ = 60◦.

In 4TSU , ∠UST = 60◦ and ST = TU . Therefore 4TSU is isosceles and
∠TUS = ∠UST = 60◦. ∠V TU is exterior to 4PUT so, by the exterior angle theorem for
triangles, ∠V TU = ∠UPT + ∠PUT = 15◦ + 60◦ = 75◦.

In 4UTV , ∠UTV = 75◦ and TU = UV . Therefore 4UTV is isosceles and
∠UV T = ∠V TU = 75◦. ∠WUV is exterior to 4PUV so, by the exterior angle theorem for
triangles, ∠WUV = ∠UPV + ∠PV U = 15◦ + 75◦ = 90◦.

In 4V UW , ∠WUV = 90◦ and V U = VW . Therefore 4V UW is isosceles and
∠VWU = ∠WUV = 90◦. But this is not possible. The three angles in a triangle sum to 180◦

so a triangle cannot have two 90◦ angles and 4WUV cannot be isosceles.

∴ five isosceles triangles, 4QPR,4RQS,4SRT,4TSU, and 4UTV, can be formed.

A similar but more difficult problem can be found on the 2003 Cayley contest at question 25.
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Problem of the Week

Problem D

An Unshady Area

A

CB

4ABC is inscribed in a circle with vertices B and C located at the endpoints
of a diameter and the third vertex, A, on the circumference of the circle so that
AB = 16 cm, AC = 12 cm, and BC = 20 cm.

Determine the area of the unshaded region of the circle. Express the area as an
exact answer involving π. Then state the area correct to the nearest
hundredth cm2.
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Problem of the Week

Problem D and Solution

An Unshady Area

Problem

4ABC is inscribed in a circle with vertices B and C located
at the endpoints of a diameter and the third vertex, A,
on the circumference of the circle so that AB = 16 cm,
AC = 12 cm, and BC = 20 cm.

Determine the area of the unshaded region of the circle.
Express the area as an exact answer involving π. Then
state the area correct to the nearest hundredth cm2.

A

CB

Solution

In 4ABC, AB2 + AC2 = 162 + 122 = 256 + 144 = 400 = 202 = BC2.
Therefore, by the Pythagorean Theorem, 4ABC is right-angled and ∠A = 90◦.

We can use AB as the base and AC as the height to determine the area of
4ABC.

area 4ABC = (AB)(AC)÷ 2 = (16)(12)÷ 2 = 96 cm2

In the circle, BC is a diameter and BC = 20. Therefore, the radius of the
circle is 10 cm.

We can now determine the area of the circle.

area of circle = πr2 = π(10)2 = 100π

The unshaded area is calculated by subtracting the area of the triangle from
the area of the circle.

Unshaded area = (100π − 96) cm2 .
= 218.16 cm2

∴The unshaded area is (100π - 96) cm2 or approximately 218.16 cm2.
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Problem of the Week

Problem D

Keep on Counting

Digit 0 1 2 3 4 5 6 7 8 9

# Remaining 100 100 100 100 100 100 100 100 100 100

For this problem you have been given 1000 digits made up of 100 zeros, 100
ones, 100 twos, · · · , 100 nines. You have 100 of each possible digit.

Start counting by ones, from one. Each time you say a number you must
remove the digits required to make the number from your stock pile of digits.
For example, after you have counted from 1 to 14, the above table now looks
like:

Digit 0 1 2 3 4 5 6 7 8 9

# Remaining 99 93 98 98 98 99 99 99 99 99

What is the largest number you can count to without running out of the digits
needed to form the number?
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Problem of the Week

Problem D and Solution

Keep on Counting

Problem

For this problem you have been given 1000 digits made up of 100 zeros, 100
ones, 100 twos, · · · ,100 nines. You have 100 of each possible digit. Start
counting by ones, from one. Each time you say a number you must remove the
digits required to make the number from your stock pile of digits. What is the
largest number you can count to without running out of the digits needed to
form the number?

Solution

In the numbers 1 to 99, each digit, other than zero, will be used the same
number of times. Zero will be used 9 less times than every other digit. As soon
as you get into the 100’s, the one’s will be used more frequently. So, let’s just
count the number of ones used until we run out.

From 1 to 99, a one is used in the units digit 10 times: {1, 11, 21, · · · , 91}.
There are 10 numbers with a tens digit of 1: {10, 11, 12, · · · , 18, 19}. By the
time we reach 99, we have used 10 + 10 = 20 ones.

From 100 to 109, we use 10 ones plus another in the number 101. We use 11
more ones and have now used 31 ones.

From 110 to 119 we use 10 ones for hundreds digits and 10 ones for tens digits
and one 1 for the units digit in 111. We use 21 more ones and have now used
52 ones.

For 120 to 129, 130 to 139, 140 to 149 and 150 to 159 we use the same number
of ones as we did counting from 100 to 109. So to get from 120 to 159 we use
11 + 11 + 11 + 11 = 44 ones and have now used a total of 96 ones.

Now we can count until we use up the 4 remaining ones: 160, 161 and 162.

When we try to count 163, there are no ones remaining.

Therefore, the largest number we can count to before running out of
the necessary digits to create the number is 162.
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Problem of the Week

Problem D

You’ll Need Power Tools

When n = 72011 is expressed as an integer, what are its last two digits?
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Problem of the Week

Problem D and Solution

You’ll Need Power Tools

Problem

When n = 72011 is expressed as an integer, what are its last two digits?

Solution

Let’s start by examining the last two digits of various powers of 7.

71 = 07

72 = 49

73 = 343

74 = 2 401

75 = 16 807

76 = 117 649

77 = 823 543

78 = 5 764 801

Notice that the last two digits repeat every four powers of 7. The pattern
continues. 79 ends with 07, 710 ends with 49, 711 ends with 43, 712 ends with
01, and so on. Starting with the first power of 7, every four consecutive powers
of 7 will have the last two digits 07, 49, 43, and 01.

We need to determine the number of complete cycles by dividing 2011 by 4.

2011

4
= 502

3

4

There are 502 complete cycles and 3
4 of another cycle. 502 × 4 = 2008 so 72008

is the last power of 7 in the 502nd cycle and therefore ends with 01.

To go 3
4 of the way into the next cycle tells us that the number 72011 ends with

the third number in the pattern, namely 43. In fact, we know that 72009 ends
with 07, 72010 ends with 49, 72011 ends with 43, and 72012 ends with 01 because
they would be the numbers in the 503rd complete cycle.

Therefore, 72011 ends with the last two digits 43.
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Problem of the Week

Problem D

A Matter of Degrees

A

X

B Y C

D

In right 4ABC, X is on AB, Y is on BC and D is on AC such that
AX = AD and CY = CD.

Determine the measure of ∠XDY .
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Problem of the Week

Problem D and Solution

A Matter of Degrees

Problem

In right 4ABC, X is on AB, Y is on BC and D is on
AC such that AX = AD and CY = CD. Determine
the measure of ∠XDY .

A

X

B Y C

D

Solution

Let ∠CDY = x. Since CD = CY , 4CDY is isosceles and
∠CYD = ∠CDY = x.

In a triangle, the angles sum to 180◦.

In 4CDY,∠C + ∠CDY + ∠CYD = 180◦

∠C + x+ x = 180◦

∠C = 180◦ − 2x

In 4ABC,∠A+ ∠B + ∠C = 180◦

∠A+ 90◦ + 180◦ − 2x = 180◦

∠A = 2x− 90◦

Let ∠ADX = y. Since AD = AX, 4ADX is isosceles and
∠AXD = ∠ADX = y.

In 4ADX,∠ADX + ∠AXD + ∠A = 180◦

y + y + 2x− 90◦ = 180◦

2y = 270◦ − 2x

y = 135◦ − x

ADC forms a straight line so ∠ADC = 180◦.

So, ∠ADX + ∠XDY + ∠CDY = 180◦

y + ∠XDY + x = 180◦

135◦ − x+ ∠XDY + x = 180◦

∠XDY = 180◦ − 135◦

Therefore ∠XDY = 45◦.
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Problem of the Week

Problem D

Chocolate Anyone?

In preparation for Valentine’s Day, Mr. Gee surveyed his class to determine
what types of chocolate barss to buy. He determined the following: 16 students
wanted milk chocolate bars, 8 requested dark chocolate bars and 6 wanted
white chocolate bars.

On visiting the store Mr. Gee discovered that he could purchase the chocolate
bars in variety packs to keep his costs down. Variety Pack A costs $2.70 and
contains 2 milk chocolate bars and 1 dark chocolate bar. Variety Pack B costs
$7.65 and contains 4 milk chocolate bars, 2 dark chocolate bars, and 3 white
chocolate bars. Variety Pack C costs $4.55 and contains 2 milk chocolate bars,
1 dark chocolate bar, and 3 white chocolate bars.

How many of each variety pack should Mr. Gee purchase in order to obtain
exactly the correct number of chocolate bars for the lowest price?
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Problem of the Week

Problem D and Solution

Chocolate Anyone?

Problem

In preparation for Valentine’s Day, Mr. Gee surveyed his class to determine what types of
chocolate bars to buy. He determined the following: 16 students wanted milk chocolate bars, 8
requested dark chocolate bars and 6 wanted white chocolate bars. On visiting the store Mr.
Gee discovered that he could purchase the chocolate bars in variety packs to keep his costs
down. Variety Pack A costs $2.70 and contains 2 milk chocolate bars and 1 dark chocolate bar.
Variety Pack B costs $7.65 and contains 4 milk chocolate bars, 2 dark chocolate bars, and 3
white chocolate bars. Variety Pack C costs $4.55 and contains 2 milk chocolate bars, 1 dark
chocolate bar, and 3 white chocolate bars. How many of each variety pack should Mr. Gee
purchase in order to obtain exactly the correct number of chocolate bars for the lowest price?

Solution

There are three options to purchase 6 white chocolate bars: purchase 2 Variety Pack B’s or
purchase 2 Variety Pack C’s or purchase 1 Variety Pack B and 1 Variety Pack C.

1. If you purchase 2 Variety Pack B’s, you get 2× 4 or 8 milk chocolate bars and 2× 2 or 4
dark chocolate bars. You will still need 16− 8 or 8 milk chocolate bars and 8− 4 or 4
dark chocolate bars. You can achieve this by purchasing 4 Variety Pack A’s. The cost for
this option is:

$2.70× 4 + $7.65× 2 = $10.80 + $15.30 = $26.10.

2. If you purchase 2 Variety Pack C’s, you get 2× 2 or 4 milk chocolate bars and 2× 1 or 2
dark chocolate bars. You will still need 16− 4 or 12 milk chocolate bars and 8− 2 or 6
dark chocolate bars. You can achieve this by purchasing 6 Variety Pack A’s. The cost for
this option is

$2.70× 6 + $4.55× 2 = $16.20 + $9.10 = $25.30.

3. If you purchase 1 Variety Pack B and 1 Variety Pack C, you get 4 + 2 or 6 milk chocolate
bars and 2 + 1 or 3 dark chocolate bars. You will still need 16− 6 or 10 milk chocolate
bars and 8− 3 or 5 dark chocolate bars. You can achieve this by purchasing 5 Variety
Pack A’s. The cost for this option is

$2.70× 5 + $7.65× 1 + $4.55× 1 = $13.50 + $7.65 + $4.55 = $25.70.

∴ Mr. Gee should purchase 6 Variety Pack A’s and 2 Variety Pack C’s for a total cost of $25.30.
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Problem of the Week

Problem D

Where There’s A Will

In his will, a father left all of his money to his children in the following manner:

(i) $1000 to the oldest child plus 1
10 of what remains, then

(ii) $2000 to the second oldest child plus 1
10 of what then remains, then

(iii) $3000 to the third oldest child plus 1
10 of what then remains, and so on.

After all of the money had been distributed, each child had received the same
amount. How many children were there?
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Problem of the Week

Problem D and Solutions

Where There’s A Will

Problem

In his will, a father left all of his money to his children in the following manner:

(i) $1000 to the oldest child plus 1
10

of what remains, then

(ii) $2000 to the second oldest child plus 1
10

of what then remains, then

(iii) $3000 to the third oldest child plus 1
10

of what then remains, and so on.

After all of the money had been distributed, each child had received the same amount. How
many children were there?

Solution 1

Let x represent the amount each child receives.
Let y represent the total amount of money to split.
Then y ÷ x is the number of children.

The first child gets $1 000 plus one-tenth of the remainder:

x = 1000 +
1

10
(y − 1000)

Multiply both sides by 10: 10x = 10000 + y − 1000

Simplify and solve for y: y = 10x− 9000 (1)

The second child gets $2 000 plus one-tenth of the remainder after the first child’s share and
$2 000 is removed:

x = 2000 +
1

10
(y − x− 2000)

Multiply both sides by 10: 10x = 20000 + y − x− 2000

Simplify and solve for y: y = 11x− 18000 (2)

Equating (1) and (2): 10x− 9000 = 11x− 18000 and x = 9 000

Substitute for x in (1): y = 10(9000) − 9000 = 90000 − 9000 = 81 000

The number of children is y ÷ x = 81000 ÷ 9000 = 9

∴ there were nine children and each child received $9 000.
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Solution 2

Let n represent the number of children.

Child n receives n× $1000 or 1000n.

So 1000n is 9
10

of what remains after child (n− 1) is given (n− 1) × 1000.

∴ 1
10

of what remains is 1000n
9

.

Then child (n− 1) receives 1000(n− 1) + 1000n
9

.

But child (n− 1) and child n each receive the same amount.

Therefore,

1000(n− 1) +
1000n

9
= 1000n

1000n− 1000 +
1000n

9
= 1000n

1000n

9
= 1000

1000n = 9000

n = 9 and 1000n = 9 000

There are 9 children in the family and each receives $9 000.
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Problem of the Week

Problem D

A Number in a Haystack

The digits 1, 2, 3, 4, and 5 are each used exactly once to create a five digit
number abcde which satisfies the following conditions:

(i) the three digit number abc is divisible by 4;

(ii) the three digit number bcd is divisible by 5; and

(iii) the three digit number cde is divisible by 3.

Find all five digit numbers formed, using each of the digits 1 to 5 exactly once,
that satisfy all three conditions.
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Problem of the Week

Problem D and Solution

A Number in a Haystack

Problem

The digits 1, 2, 3, 4, and 5 are each used exactly once to create a five digit number abcde which
satisfies the following conditions: (i) the three digit number abc is divisible by 4; (ii) the three
digit number bcd is divisible by 5; and (iii) the three digit number cde is divisible by 3. Find all
five digit numbers formed, using each of the digits 1 to 5 exactly once, that satisfy all three
conditions.

Solution

In condition (ii), bcd is divisible by 5. For a number to be divisible by 5 it must end in 0 or 5.
d = 0 is not permitted. So d = 5 is the only possibility. Therefore the number looks like abc5e.

In condition (ii), abc is divisible by 4. For a number to be divisible by 4, its last two digits
must be divisible by 4. This also means that the number is even and the last digit cannot be
odd. It follows that bc must be divisible by 4 and c must be even. Therefore, c = 2 or c = 4
and the number looks like ab25e or ab45e.

In condition (iii), cde is divisible by 3. For a number to be divisible by 3, the sum of its digits
must be divisible by 3. The sum c + d + e must be divisible by 3. But we know that d = 5 and
c = 2 or c = 4 so 2 + 5 + e and 4 + 5 + e must be divisible by 3.

The expression 2 + 5 + e simplifies to 7 + e. e can only be one of the remaining digits 1, 3 or 4.
For e = 1, 7 + e = 7 + 1 = 8 which is not divisible by 3. For e = 3, 7 + e = 7 + 3 = 10 which is
not divisible by 3. For e = 4, 7 + e = 7 + 4 = 11 which is not divisible by 3. No value of e
exists so the ab25e is divisible by 3.

The other expression, 4 + 5 + e simplifies to 9 + e. e can only be one of the remaining digits 1,
2 or 3. For e = 1, 9 + e = 9 + 1 = 10 which is not divisible by 3. For e = 2, 9 + e = 9 + 2 = 11
which is not divisible by 3. For e = 3, 9 + e = 9 + 3 = 12 which is divisible by 3. So e = 3 is the
only value of e that exists so the ab45e is divisible by 3. Therefore the number looks like ab453.

From ab453 we need ab4, the first three digits, to be divisible by 4. In fact, we need b4 to be
divisible by 4. There are only two possible values for b remaining, namely b = 1 or b = 2. If
b = 1, b4 = 14 which is not divisible by 4. If b = 2, b4 = 24 which is divisible by 4. Therefore
b = 2 is the only value for b. The number is now a2453.

The only value remaining for a is 1. Therefore the only number that satisfies all of the
conditions is 12453.

There is only one number, 12453, that satisfies all of the conditions of the problem.
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Problem of the Week

Problem D

What Was That Number?

Three different numbers, a, b, and c, are written in order smallest to largest
such that a < b < c. When the numbers are added in pairs the sums
2 989, 3 461 and 3 550 are obtained.

Determine the value of the largest number.

!! "! #!$$
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Problem of the Week

Problem D and Solution

What Was That Number?

Problem

Three different numbers, a, b, and c, are written in order smallest to largest
such that a < b < c. When the numbers are added in pairs the sums
2 989, 3 461 and 3 550 are obtained. Determine the value of the largest number.

Solution

The smallest sum is created by adding the smallest two numbers together.
Therefore, a + b = 2 989. The largest sum is created by adding the largest two
numbers together. Therefore, b + c = 3 550. The only possible sum left to
calculate is a + c so a + c = 3 461.

At this point we could solve a system of equations involving three equations
and three unknowns. However, there is a simpler approach. We will add
equations a + b = 2 989, a + c = 3 461 and b + c = 3 550 together.

(a + b) + (a + c) + (b + c) = 2 989 + 3 461 + 3 550

2a + 2b + 2c = 10 000

2(a + b + c) = 10 000

a + b + c = 5 000

So now we have the sum of the three numbers is 5 000. But the sum of the first
two numbers a + b is 2 989. We can subtract to obtain the largest number.

(a + b + c) − (a + b) = 5 000 − 2 989

a + b + c− a− b = 2 011

c = 2 011

The largest number is 2 011. It is quite straight forward to determine that the
smallest number is 1 450 and the middle number is 1 539.
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Problem of the Week

Problem D

An Average Day For Bea

Bea Student has six marks on her report card. The average of her first and
second marks is 71%. The average of her second and third marks is 75%. The
average of her third and fourth marks is 66%. The average of her fourth and
fifth marks is 68%. The average of her fifth and sixth marks is 82%.

(a) Determine Bea’s overall average.

(b) Determine the average of Bea’s first and sixth marks.
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Problem of the Week

Problem D and Solution

An Average Day For Bea

Problem

Bea Student has six marks on her report card. The average of her first and second marks is
71%. The average of her second and third marks is 75%. The average of her third and fourth
marks is 66%. The average of her fourth and fifth marks is 68%. The average of her fifth and
sixth marks is 82%.
Determine (a) Bea’s overall average, and (b) the average of Bea’s first and sixth marks.

Solution

Let a, b, c, d, e, f represent Bea’s six report cards marks.
The average of her first and second marks is 71, so a+b

2
= 71. Multiplying by 2, a+ b = 142. (1)

The average of her second and third marks is 75, so b+c
2

= 75, leading to b + c = 150. (2)
The average of her third and fourth marks is 66, so c+d

2
= 66, leading to c + d = 132. (3)

The average of her fourth and fifth marks is 68, so d+e
2

= 68, leading to d + e = 136. (4)

The average of her fifth and sixth marks is 82, so e+f
2

= 82, leading to e + f = 164. (5)

(a) To find Bea’s overall average we must find the sum a + b + c + d + e + f and divide by 6.
If we add equations (1), (3) and (5) we obtain the required sum.

(a + b) + (c + d) + (e + f) = 142 + 132 + 164

a + b + c + d + e + f = 438
a + b + c + d + e + f

6
= 73

∴ Bea’s overall average is 73.

(b) To find the average of Bea’s first and sixth marks, we must find the sum a + f and divide
by 6. We will add equations (1), (2), (3), (4) and (5).

(a + b) + (b + c) + (c + d) + (d + e) + (e + f) = 142 + 150 + 132 + 136 + 164

a + 2b + 2c + 2d + 2e + f = 724

a + 2(b + c) + 2(d + e) + f = 724

a + 2(150) + 2(136) + f = 724, substituting from (2) and (4)

a + 300 + 272 + f = 724

a + f = 152
a + f

2
= 76

∴ the average of Bea’s first and sixth marks is 76%.
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Problem of the Week

Problem D

The Phantom Menace: Students Quitting

A large group of students came out to an information meeting about the
upcoming school musical, Phantom of the Math Room. Early in the meeting
15 girls left. Twice as many boys as girls remained. Later, after the 15 girls
left, 3

4 of the boys and 1
3 of the remaining girls left. This left 14 more girls than

boys. All of the remaining students stuck it out and went on to perform in an
amazing production.

How many students remained to perform in the school musical, Phantom of the
Math Room?
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Problem of the Week

Problem D and Solution

The Phantom Menace: Students Quitting

Problem

A large group of students came out to an information meeting for the upcoming school
musical, Phantom of the Math Room. Early in the meeting 15 girls left. Twice as many boys
as girls remained. Later, after the 15 girls left, 3

4
of the boys and 1

3
of the remaining girls left.

This left 14 more girls than boys. All of the remaining students stuck it out and went on to
perform in an amazing production. How many students remained to perform in the school
musical, Phantom of the Math Room?

Solution

Let b represent the number of boys and g represent the number of girls at the start of the
information meeting.

Since 15 girls leave, g − 15 girls remain. The number of boys is twice the number of girls at
this point so b = 2(g − 15) which simplifies to b = 2g − 30. (1)

Then 3
4

of the boys depart leaving 1
4

of the boys or 1
4
b. 1

3
of the girls remaining depart leaving 2

3

of the girls remaining or 2
3
(g − 15). Now the number of girls is 14 more than the number of

boys so 2
3
(g− 15) = 1

4
b+ 14. Multiplying by 12, the equation simplifies to 8(g− 15) = 3b+ 168.

This further simplifies to 8g − 120 = 3b + 168. (2)

At this point we can use substitution or elimination to solve the system of equations. In this
case, we substitute (1) into (2) for b to solve for g.

8g − 120 = 3(2g − 30) + 168

8g − 120 = 6g − 90 + 168

2g = 198

g = 99

Substituting g = 99 into (1), b = 2(99) − 30 = 198 − 30 = 168.

The original number of students is b + g = 168 + 99 = 267.

The number of boys remaining is 1
4
b = 1

4
(168) = 42.

The number of girls remaining is 2
3
(g − 15) = 2

3
(99 − 15) = 2

3
(84) = 56.

The total number of students remaining to successfully perform in the musical is 42 + 56 = 98.

The show was a success even though only 98 of the initial 267 students remained.
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Problem of the Week

Problem D

The Storms Are Coming

Gail and Dusty Storm went cycling on their own from the same place at
1:15 p.m. Gail Storm travelled north at 24 km/h while Dusty Storm travelled
east at 32 km/h.

Determine the time when Gail and Dusty will be 130 km apart and how far
each of them will have travelled.
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Problem of the Week

Problem D and Solution

The Storms Are Coming

Problem

Gail and Dusty Storm went cycling on their own from the same place at
1:15 p.m. Gail Storm travelled north at 24 km/h while Dusty Storm travelled
east at 32 km/h. Determine the time when Gail and Dusty will be 130 km
apart and how far each of them will have travelled.

Solution

Let t be the length of time, in hours, that Gail and Dusty travel until they are
130 km apart. Since Gail is travelling at 24 km/h, she will travel 24t km in t

hours. Since Dusty is travelling at 32 km/h, he will travel 32t km in t hours.

Since Gail is travelling north and Dusty is travelling east, they are travelling at
right angles to each other. We can represent the distances on the following
right triangle.

24t  km

32t  km

130  km

Using the Pythagorean Theorem

(24t)2 + (32t)2 = 1302

576t2 + 1024t2 = 16900

1600t2 = 16900

16t2 = 169

t2 =
169

16

Since t > 0, t = 13
4 = 3.25 = 3 hours and 15 minutes.

Then 24t = 24× 13
4 = 78 and 32t = 32× 13

4 = 104. Also, 3 h 15 min after 1:15
p.m. is 4:30 p.m.

Therefore at 4:30 p.m. Gail and Dusty are 130 km apart. Gail travelled 78 km
and Dusty travelled 104 km.



WWW.CEMC.UWATERLOO.CA | The CENTRE for EDUCATION in MATHEMATICS and COMPUTING

Problem of the Week

Problem D

Tilted Tank

A

B

C

D

30 cm

15 cm
20 cm

An aquarium is 20 cm wide, 30 cm long, and 15 cm high. The aquarium is
tilted along AB until the water completely covers the end ABCD. At this
point, it also covers 4

5 of the base.

Determine the depth of the water, in centimetres, when the aquarium is level.
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Problem of the Week

Problem D and Solution

Tilted Tank

Problem

An aquarium is 20 cm wide, 30 cm long, and 15
cm high. The aquarium is tilted along AB until
the water completely covers the end ABCD. At
this point, it also covers 4

5 of the base. Determine
the depth of the water, in centimetres, when the
aquarium is level. A

B

C

D

30 cm

15 cm
20 cm

E P

Solution

Let E be the unnamed corner point on the bottom front of the aquarium such
that EA = 30 cm. Let P be a point on AE such that
AP = 4

5(AE) = 4
5(30) = 24 cm.

When the tank is tilted so that the water completely covers end ABCD, a
triangular prism with base ADP and height 20 cm is created. Note that
4ADP is right angled so when finding the area of 4ADP we can use AP as
the base and AD as the height.

Volume of trianguar prism = Area of base 4APD × height

=
1

2
(AP )(AD)× (AB)

=
1

2
(24)(15)× (20)

= 3600 cm3

Let h represent the height of the water when the tank is sitting level. The
volume of the rectangular prism h cm high by 30 cm long by 20 cm wide is the
same as the volume of the triangular prism formed when the tank is tilted.
∴ 30× 20× h = 3600 and h = 6 cm follows.

Therefore the water is 6 cm deep when the aquarium is sitting level.
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Problem of the Week

Problem D

That Is Sum Probability

For any three digit integer greater than or equal to 100, the sum of the digits is
calculated.

Determine the probability that the sum of the digits is 10. (You won’t want to
list all of the possibilities!)

109

110

999
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Problem of the Week

Problem D and Solution

That Is Sum Probability

Problem

For any three digit integer greater than or equal to 100, the sum of the digits is calculated.
Determine the probability that the sum of the digits is 10.

Solution

First we should determine the number of three digit integers greater than or equal to 100. The
number 999 is the largest three digit number so from 1 to 999 there are 999 numbers. This
includes 99 numbers from 1 to 99 that must be excluded. So there are 999− 99 = 900 three
digit numbers.

We now must determine how many of these numbers have a digit sum of 10.

If the hundred’s digit is 1, the remaining digits must sum to 9. It is then easy to list the
possibilities, {109, 118, 127, 136, 145, 154, 163, 172, 181, 190}, 10 numbers in total.

If the hundred’s digit is 2, the remaining digits must sum to 8. It is then easy to list the
possibilities, {208, 217, 226, 235, 244, 253, 262, 271, 280}, 9 numbers in total.

We can proceed in this manner and show that there are 8 numbers with a hundred’s digit of 3,
7 numbers with a hundred’s digit of 4, 6 numbers with a hundred’s digit of 5, 5 numbers with a
hundred’s digit of 6, 4 numbers with a hundred’s digit of 7, 3 numbers with a hundred’s digit
of 8, and 2 numbers with a hundred’s digit of 9.

There are a total of 10 + 9 + 8 + · · ·+ 4 + 3 + 2 = 54 three digit numbers with a digit sum of 10.
(We can calculate the sum mentally or using a calculator. Or we could use the result that the

sum of the natural numbers from 1 to n can be calculated using the formula
(n)(n + 1)

2
. We

could find the sum of the natural numbers from 1 to 10 and subtract 1 from the result since the

number 1 is missing from the above sum. So the sum is
(10)(11)

2
− 1 =

110

2
− 1 = 55− 1 = 54.)

The probability of a digit sum of 10 is
number of numbers with digit sum 10

number of three digit numbers
=

54

900
=

3

50
.

∴ the probability that 10 is the sum of the digits of a three digit number is
3

50
.
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Problem of the Week

Problem D

Slippery Slopes

x

y
l1

l2P

Q

Line l1 has equation y = mx + k. Line l1 crosses the y-axis at point P and l2
crosses the x-axis at point Q. PQ is perpendicular to both line l1 and line l2.

Determine the y-intercept of l2 in terms of m and k.

If you are finding this general problem difficult to start, consider first solving a
problem with a specific example for l1 like y = 4x + 3 and then attempt the
more general problem.
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Problem of the Week

Problem D and Solution

Slippery Slopes
Problem

Line l1 has equation y = mx + k. Line l1 crosses the y-axis at point P and l2 crosses the x-axis
at point Q. PQ is perpendicular to both line l1 and line l2. Determine the y-intercept of l2 in
terms of m and k.

x

y
l1

l2P

Q

Solution

Let the y-intercept of l2 be represented by b.

l1 has equation y = mx + k so we know the slope of l1 is m and the y-intercept is k. Therefore
P , the y-intercept of l1, is the point (0,k).

Since PQ ⊥ l1 and l2, it follows that l1 ‖ l2. Also the slope of PQ is the negative reciprocal of
the slope of l1. Therefore, slope(PQ) = −1

m
. Since k is the y-intercept of PQ and the slope of

PQ is −1
m

, the equation of the line through PQ is y = −1
m
x + k.

The x-intercepts of PQ and l2 are the same since both lines intersect at Q on the x-axis. To
find this x-intercept set y = 0 in y = −1

m
x + k. Then 0 = −1

m
x + k and 1

m
x = k. The result

x = mk follows. The x-intercept of PQ and l2 is mk and the coordinates of Q are (mk, 0).

We can now find y-intercept of l2 since Q(mk, 0) is on l2 and the slope of l2 is m. Substituting
into the slope-intercept form of the line, y = mx + b, we obtain 0 = (m)(mk) + b which
simplifies to b = −m2k.

Therefore the y-intercept of l2 is −m2k.

To the student who solved the problem for l1 with equation y = 4x + 3, you should have
obtained the answer −48 for the y-intercept of l2.
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Problem of the Week

Problem D

The Case of the Missing Digits

A student discovered the following question on a scrap piece of paper.

2 � 4
+ 3 2 9

5 � 3

In both the top and bottom numbers, the middle digit was unreadable.
However, there was a note on the page beside the question which read: “the
sum is divisible by 3.”

If the missing middle digit in the top number is A and the missing middle digit
in the bottom number is B, determine all possible values for A and B.
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Problem of the Week

Problem D and Solutions

The Case of the Missing Digits

Problem

A student discovered the question shown below on a scrap piece of paper. In
both the top and bottom numbers, the middle digit was unreadable. However,
there was a note on the page beside the question which read: “the sum is
divisible by 3.” If the missing middle digit in the top number is A and the
missing middle digit in the bottom number is B, determine all possible values
for A and B.

2 A 4
+ 3 2 9

5 B 3

Solution 1

First we can find the possible values of B. For a number to be divisible by 3,
the sum of its digits must be divisible by 3. Only 513, 543 and 573 are divisible
by three so the only possible values for B are 1, 4, or 7.

We know that 2A4 + 329 = 5B3 so 2A4 = 5B3 − 329.

We can try each of the possible values for B in the equation 2A4 = 5B3 − 329
to find values of A that make the equation true.

1. If B=1, then 513 − 329 = 184, which cannot equal 2A4. So when B = 1
there is no A to satisfy the problem.

2. If B=4, then 543 − 329 = 214, which does equal 2A4 when A = 1. So for
A = 1 and B = 4 there is a valid solution.

3. If B=7, then 573 − 329 = 244, which does equal 2A4 when A = 4. So for
A = 4 and B = 7 there is a valid solution.

∴ when A = 1 and B = 4 or A = 4 and B = 7, the given problem has a valid
solution.
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Solution 2

2 A 4
+ 3 2 9

5 B 3

When the digits in the unit’s column are added together, there is one carried
to the ten’s column. When the digits in the hundred’s column are added
together we get 2 + 3 = 5 so there is no carry from the ten’s column.
Therefore, when the ten’s column is added we get 1 + A + 2 = B or A + 3 = B.

We can now look at all possible values for A that produce a single digit value
for B in the number 5B3. We can then determine whether or not 5B3 is
divisible by 3.

The following table summarizes the results.

A B = A + 3 5B3 Divisible by 3 (yes/no)?

0 3 533 no
1 4 543 yes

2 5 553 no

3 6 563 no

4 7 573 yes
5 8 583 no

6 9 593 no

∴ when A = 1 and B = 4 or A = 4 and B = 7, the given problem has a valid
solution.
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Problem of the Week

Problem D

Chocolate Anyone?

In preparation for Valentine’s Day, Mr. Gee surveyed his class to determine
what types of chocolate barss to buy. He determined the following: 16 students
wanted milk chocolate bars, 8 requested dark chocolate bars and 6 wanted
white chocolate bars.

On visiting the store Mr. Gee discovered that he could purchase the chocolate
bars in variety packs to keep his costs down. Variety Pack A costs $2.70 and
contains 2 milk chocolate bars and 1 dark chocolate bar. Variety Pack B costs
$7.65 and contains 4 milk chocolate bars, 2 dark chocolate bars, and 3 white
chocolate bars. Variety Pack C costs $4.55 and contains 2 milk chocolate bars,
1 dark chocolate bar, and 3 white chocolate bars.

How many of each variety pack should Mr. Gee purchase in order to obtain
exactly the correct number of chocolate bars for the lowest price?



WWW.CEMC.UWATERLOO.CA | The CENTRE for EDUCATION in MATHEMATICS and COMPUTING

Problem of the Week

Problem D and Solution

Chocolate Anyone?

Problem

In preparation for Valentine’s Day, Mr. Gee surveyed his class to determine what types of
chocolate bars to buy. He determined the following: 16 students wanted milk chocolate bars, 8
requested dark chocolate bars and 6 wanted white chocolate bars. On visiting the store Mr.
Gee discovered that he could purchase the chocolate bars in variety packs to keep his costs
down. Variety Pack A costs $2.70 and contains 2 milk chocolate bars and 1 dark chocolate bar.
Variety Pack B costs $7.65 and contains 4 milk chocolate bars, 2 dark chocolate bars, and 3
white chocolate bars. Variety Pack C costs $4.55 and contains 2 milk chocolate bars, 1 dark
chocolate bar, and 3 white chocolate bars. How many of each variety pack should Mr. Gee
purchase in order to obtain exactly the correct number of chocolate bars for the lowest price?

Solution

There are three options to purchase 6 white chocolate bars: purchase 2 Variety Pack B’s or
purchase 2 Variety Pack C’s or purchase 1 Variety Pack B and 1 Variety Pack C.

1. If you purchase 2 Variety Pack B’s, you get 2× 4 or 8 milk chocolate bars and 2× 2 or 4
dark chocolate bars. You will still need 16− 8 or 8 milk chocolate bars and 8− 4 or 4
dark chocolate bars. You can achieve this by purchasing 4 Variety Pack A’s. The cost for
this option is:

$2.70× 4 + $7.65× 2 = $10.80 + $15.30 = $26.10.

2. If you purchase 2 Variety Pack C’s, you get 2× 2 or 4 milk chocolate bars and 2× 1 or 2
dark chocolate bars. You will still need 16− 4 or 12 milk chocolate bars and 8− 2 or 6
dark chocolate bars. You can achieve this by purchasing 6 Variety Pack A’s. The cost for
this option is

$2.70× 6 + $4.55× 2 = $16.20 + $9.10 = $25.30.

3. If you purchase 1 Variety Pack B and 1 Variety Pack C, you get 4 + 2 or 6 milk chocolate
bars and 2 + 1 or 3 dark chocolate bars. You will still need 16− 6 or 10 milk chocolate
bars and 8− 3 or 5 dark chocolate bars. You can achieve this by purchasing 5 Variety
Pack A’s. The cost for this option is

$2.70× 5 + $7.65× 1 + $4.55× 1 = $13.50 + $7.65 + $4.55 = $25.70.

∴ Mr. Gee should purchase 6 Variety Pack A’s and 2 Variety Pack C’s for a total cost of $25.30.
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Problem of the Week

Problem D

Where There’s A Will

In his will, a father left all of his money to his children in the following manner:

(i) $1000 to the oldest child plus 1
10 of what remains, then

(ii) $2000 to the second oldest child plus 1
10 of what then remains, then

(iii) $3000 to the third oldest child plus 1
10 of what then remains, and so on.

After all of the money had been distributed, each child had received the same
amount. How many children were there?
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Problem of the Week

Problem D and Solutions

Where There’s A Will

Problem

In his will, a father left all of his money to his children in the following manner:

(i) $1000 to the oldest child plus 1
10

of what remains, then

(ii) $2000 to the second oldest child plus 1
10

of what then remains, then

(iii) $3000 to the third oldest child plus 1
10

of what then remains, and so on.

After all of the money had been distributed, each child had received the same amount. How
many children were there?

Solution 1

Let x represent the amount each child receives.
Let y represent the total amount of money to split.
Then y ÷ x is the number of children.

The first child gets $1 000 plus one-tenth of the remainder:

x = 1000 +
1

10
(y − 1000)

Multiply both sides by 10: 10x = 10000 + y − 1000

Simplify and solve for y: y = 10x− 9000 (1)

The second child gets $2 000 plus one-tenth of the remainder after the first child’s share and
$2 000 is removed:

x = 2000 +
1

10
(y − x− 2000)

Multiply both sides by 10: 10x = 20000 + y − x− 2000

Simplify and solve for y: y = 11x− 18000 (2)

Equating (1) and (2): 10x− 9000 = 11x− 18000 and x = 9 000

Substitute for x in (1): y = 10(9000) − 9000 = 90000 − 9000 = 81 000

The number of children is y ÷ x = 81000 ÷ 9000 = 9

∴ there were nine children and each child received $9 000.
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Solution 2

Let n represent the number of children.

Child n receives n× $1000 or 1000n.

So 1000n is 9
10

of what remains after child (n− 1) is given (n− 1) × 1000.

∴ 1
10

of what remains is 1000n
9

.

Then child (n− 1) receives 1000(n− 1) + 1000n
9

.

But child (n− 1) and child n each receive the same amount.

Therefore,

1000(n− 1) +
1000n

9
= 1000n

1000n− 1000 +
1000n

9
= 1000n

1000n

9
= 1000

1000n = 9000

n = 9 and 1000n = 9 000

There are 9 children in the family and each receives $9 000.
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Problem of the Week

Problem D

What Was That Number?

Three different numbers, a, b, and c, are written in order smallest to largest
such that a < b < c. When the numbers are added in pairs the sums
2 989, 3 461 and 3 550 are obtained.

Determine the value of the largest number.

!! "! #!$$
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Problem of the Week

Problem D and Solution

What Was That Number?

Problem

Three different numbers, a, b, and c, are written in order smallest to largest
such that a < b < c. When the numbers are added in pairs the sums
2 989, 3 461 and 3 550 are obtained. Determine the value of the largest number.

Solution

The smallest sum is created by adding the smallest two numbers together.
Therefore, a + b = 2 989. The largest sum is created by adding the largest two
numbers together. Therefore, b + c = 3 550. The only possible sum left to
calculate is a + c so a + c = 3 461.

At this point we could solve a system of equations involving three equations
and three unknowns. However, there is a simpler approach. We will add
equations a + b = 2 989, a + c = 3 461 and b + c = 3 550 together.

(a + b) + (a + c) + (b + c) = 2 989 + 3 461 + 3 550

2a + 2b + 2c = 10 000

2(a + b + c) = 10 000

a + b + c = 5 000

So now we have the sum of the three numbers is 5 000. But the sum of the first
two numbers a + b is 2 989. We can subtract to obtain the largest number.

(a + b + c) − (a + b) = 5 000 − 2 989

a + b + c− a− b = 2 011

c = 2 011

The largest number is 2 011. It is quite straight forward to determine that the
smallest number is 1 450 and the middle number is 1 539.
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Problem of the Week

Problem D

It’s a Trap!

A four-sided figure with one pair of parallel sides is referred to as a trapezoid.

A

B C

D

Trapezoid ABCD has three equal sides AB = AD = DC. The base BC is
2 cm less than the sum of the lengths of the the other three sides. The distance
between the parallel sides is 5 cm.

Determine the area of trapezoid ABCD.
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Problem of the Week

Problem D and Solution

It’s a Trap!

Problem

A four-sided figure with one pair of parallel sides is referred to as a trapezoid. Trapezoid
ABCD has three equal sides AB = AD = DC. The base BC is 2 cm less than the sum of the
lengths of the other three sides. The distance between the parallel sides is 5 cm. Determine the
area of trapezoid ABCD.

Solution

Let x represent the length of AB. Then AB = AD = DC = x. Since the base BC is two less
than the sum of the three equal sides, BC = 3x− 2.

Construct altitudes from A and D meeting BC at E and F , respectively. Then AE = DF = 5,
the distance between the two parallel sides.

Let y represent the length of BE. We can show that BE = FC using the Pythagorean
Theorem as follows: BE2 = AB2 − AE2 = x2 − 52 = x2 − 25 and
FC2 = DC2 −DF 2 = x2 − 52 = x2 − 25. Then FC2 = BE2 = x2 − 25 and FC = BE = y.

Since ∠AEF = ∠DFE = 90◦ and AD is parallel to EF , it follows that
∠DAE = ∠ADF = 90◦ and AEFD is a rectangle so EF = AD = x. The following diagram
contains all of the given and found information.

A

B C

D

E F

x

x

x5 cm5 cm

3x - 2

y yx

We can now determine a relationship between x and y.

BC = BE + EF + FC
3x− 2 = y + x + y
3x− 2 = 2y + x
2x− 2 = 2y
x− 1 = y

In right 4ABE, AB2 = AE2 + BE2 or x2 = y2 + 52 or x2 = (x− 1)2 + 25 or
x2 = x2 − 2x + 1 + 25 or 2x = 26 or x = 13. Since x = 13, 3x− 2 = 3(13)− 2 = 37. Then
AD = x = 13 and BC = 3x− 2 = 37.

∴ The area of trapezoid ABCD = AE × (AD + BC)÷ 2 = 5× (13 + 37)÷ 2 = 125 cm2.
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Problem of the Week

Problem D

The Phantom Menace: Students Quitting

A large group of students came out to an information meeting about the
upcoming school musical, Phantom of the Math Room. Early in the meeting
15 girls left. Twice as many boys as girls remained. Later, after the 15 girls
left, 3

4 of the boys and 1
3 of the remaining girls left. This left 14 more girls than

boys. All of the remaining students stuck it out and went on to perform in an
amazing production.

How many students remained to perform in the school musical, Phantom of the
Math Room?
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Problem of the Week

Problem D and Solution

The Phantom Menace: Students Quitting

Problem

A large group of students came out to an information meeting for the upcoming school
musical, Phantom of the Math Room. Early in the meeting 15 girls left. Twice as many boys
as girls remained. Later, after the 15 girls left, 3

4
of the boys and 1

3
of the remaining girls left.

This left 14 more girls than boys. All of the remaining students stuck it out and went on to
perform in an amazing production. How many students remained to perform in the school
musical, Phantom of the Math Room?

Solution

Let b represent the number of boys and g represent the number of girls at the start of the
information meeting.

Since 15 girls leave, g − 15 girls remain. The number of boys is twice the number of girls at
this point so b = 2(g − 15) which simplifies to b = 2g − 30. (1)

Then 3
4

of the boys depart leaving 1
4

of the boys or 1
4
b. 1

3
of the girls remaining depart leaving 2

3

of the girls remaining or 2
3
(g − 15). Now the number of girls is 14 more than the number of

boys so 2
3
(g− 15) = 1

4
b+ 14. Multiplying by 12, the equation simplifies to 8(g− 15) = 3b+ 168.

This further simplifies to 8g − 120 = 3b + 168. (2)

At this point we can use substitution or elimination to solve the system of equations. In this
case, we substitute (1) into (2) for b to solve for g.

8g − 120 = 3(2g − 30) + 168

8g − 120 = 6g − 90 + 168

2g = 198

g = 99

Substituting g = 99 into (1), b = 2(99) − 30 = 198 − 30 = 168.

The original number of students is b + g = 168 + 99 = 267.

The number of boys remaining is 1
4
b = 1

4
(168) = 42.

The number of girls remaining is 2
3
(g − 15) = 2

3
(99 − 15) = 2

3
(84) = 56.

The total number of students remaining to successfully perform in the musical is 42 + 56 = 98.

The show was a success even though only 98 of the initial 267 students remained.
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Problem of the Week

Problem D

Slippery Slopes

x

y
l1

l2P

Q

Line l1 has equation y = mx + k. Line l1 crosses the y-axis at point P and l2
crosses the x-axis at point Q. PQ is perpendicular to both line l1 and line l2.

Determine the y-intercept of l2 in terms of m and k.

If you are finding this general problem difficult to start, consider first solving a
problem with a specific example for l1 like y = 4x + 3 and then attempt the
more general problem.
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Problem of the Week

Problem D and Solution

Slippery Slopes
Problem

Line l1 has equation y = mx + k. Line l1 crosses the y-axis at point P and l2 crosses the x-axis
at point Q. PQ is perpendicular to both line l1 and line l2. Determine the y-intercept of l2 in
terms of m and k.

x

y
l1

l2P

Q

Solution

Let the y-intercept of l2 be represented by b.

l1 has equation y = mx + k so we know the slope of l1 is m and the y-intercept is k. Therefore
P , the y-intercept of l1, is the point (0,k).

Since PQ ⊥ l1 and l2, it follows that l1 ‖ l2. Also the slope of PQ is the negative reciprocal of
the slope of l1. Therefore, slope(PQ) = −1

m
. Since k is the y-intercept of PQ and the slope of

PQ is −1
m

, the equation of the line through PQ is y = −1
m
x + k.

The x-intercepts of PQ and l2 are the same since both lines intersect at Q on the x-axis. To
find this x-intercept set y = 0 in y = −1

m
x + k. Then 0 = −1

m
x + k and 1

m
x = k. The result

x = mk follows. The x-intercept of PQ and l2 is mk and the coordinates of Q are (mk, 0).

We can now find y-intercept of l2 since Q(mk, 0) is on l2 and the slope of l2 is m. Substituting
into the slope-intercept form of the line, y = mx + b, we obtain 0 = (m)(mk) + b which
simplifies to b = −m2k.

Therefore the y-intercept of l2 is −m2k.

To the student who solved the problem for l1 with equation y = 4x + 3, you should have
obtained the answer −48 for the y-intercept of l2.
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